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Abstract In this study, we study the metrizability of the notion of L-topological group defined by

Ahsanullah 1988. We show that for any (separated) L-topological group there is an L-pseudo-met-

ric (L-metric), in sense of Gähler which is defined using his notion of L-real numbers, compatible

with the L-topology of this (separated) L-topological group. That is, any (separated) L-topological

group is pseudo-metrizable (metrizable).
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1. Introduction

The notion of L-real numbers is defined and studied by S.

Gähler and W. Gähler in [1]. RL denotes the set of all L-real
numbers. The subset R�L of RL of all positive L-real numbers
is used to define the L-pseudo-metric (L-metric) on a set X,

by the same authors in [1], as a mapping of the cartesian prod-
uct X · X to R�L which satisfying similar conditions to the con-
ditions of the usual metric. In this paper we study the
metrizability, using the L-pseudo-metric (L-metric) in sense

of [1], of a notion of L-topological group which is introduced
il.com (F. Bayoumi).
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in [2] and studied in [3]. This L-topological groups is defined as
a group equipped with an L-topology such that both the bin-
ary operation and the unary operation of the inverse are L-

continuous with respect to this L-topology.
In this paper, using the uniformizability of L-topological

groups introduced by the authors in [4], we show that any (sep-

arated) L-topological group is pseudo-metrizable (metrizable).
In [4] is used the L-uniform structures which are defined in [5]
on a set X, in a similar way to the usual case, as L-filters on

X · X.
In Section 2 of this paper we recall some results on L-filters,

L-real numbers defined by Gähler in [1,6–8], and some separa-

tion axioms defined by the authors in [9–12].
Sections 3 and 4 introduce and show some results on L-met-

ric and L-uniform spaces, respectively, which are needed to
show the metrizability of L-topological groups. We will use

the notion of L-topogenous structure [13].
In Section 5 we show that the L-pseudo-metric (L-metric),

in sense of [1], induces the L-topology of a (separated) L-topo-

logical group, that is, any (separated) L-topological group is
pseudo-metrizable (metrizable).
gyptian Mathematical Society.
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2. On L-filters

Recall here some ideas concerning L-filters needed in the pa-
per. Denote by LX the set of all L-subsets of a non-empty set

X, where L is a complete chain with different least and greatest
elements 0 and 1, respectively [14]. Let L0 = Ln{0} and
L1 = Ln{1}. For each L-set k 2 LX, let k0 denote the comple-

ment of k, defined by k0(x) = k(x)0 for all x 2 X. For all
x 2 X and a 2 L0, the L-subset xa of X whose value a at x
and 0 otherwise is called an L-point in X and the constant
L-subset of X with value a will be denoted by �a.

L-filters. By an L-filter on a non-empty set X we mean [7] a
mapping M : LX ! L such that Mð�aÞ 6 a for all a 2 L and
Mð�1Þ ¼ 1, and also Mðk ^ lÞ ¼ MðkÞ ^MðlÞ for all k,
l 2 LX. M is called homogeneous [7] if Mð�aÞ ¼ a for all
a 2 L. If M and N are L-filters on X, M is called finer than
N , denoted by M� N , provided MðkÞP NðkÞ holds for

all k 2 LX. By M¤N we mean that M is not finer than N .
Since L is a complete chain, then

M¤N () there is f 2 LX such thatMðfÞ < NðfÞ:

Let FLX denote the set of all L-filters on X, f: X fi Y a map-
ping andM;N are L-filters onX, Y, respectively. Then the image
ofM and the preimage of N with respect to f are the L-filters

FLfðMÞ on Y and F�L fðN Þ on X defined by
FLfðMÞðlÞ ¼ Mðl � fÞ for all l 2 LY and
F�L fðN ÞðkÞ ¼

W
l�f6kNðlÞ for all k 2 LX, respectively. For each

mapping f: X fi Y and each L-filterN onY, for which the preim-
age F�L fðN Þ exists, we have FLfðF�L fðN ÞÞ � N . Moreover, for
each L-filterM on X, the inequalityM� F�L fðFLfðMÞÞ holds
[7].

For any set A of L-filters on X, the infimum
V
M2AM, with

respect to the finer relation on L-filters, does not exist in gen-
eral. The infimum

V
M2AM of A exists if and only if for each

non-empty finite subset fM1; . . . ;Mng of A we have
M1ðk1Þ ^ � � � ^MnðknÞ 6 supðk1 ^ � � � ^ knÞ for all k1, . . .,
kn 2 LX [6]. If the infimum of A exists, then for each k 2 LX

and n as a positive integer we have

^
M2A
M

 !
ðkÞ ¼

_
k1^���^kn6k;
M1 ;...;Mn2A

ðM1ðk1Þ ^ � � � ^MnðknÞÞ:

By a filter on X we mean a non-empty subset F of LX which

does not contain �0 and closed under finite infima and super sets
[15]. For each L-filterM on X, the subset a� prM of LX de-
fined by: a� prM¼ fk 2 LXjMðkÞP ag is a filter on X.

A family ðBaÞa2L0
of non-empty subsets of LX is called val-

ued L-filter base on X [7] if the following conditions are
fulfilled:

(V1) k 2 Ba implies a 6 supk.

(V2) For all a, b 2 L0 and all L-sets k 2 Ba and l 2 Bb, if even
a � b > 0 holds, then there are a c P a � b and an L-set

m 6 k � l such that m 2 Bc.

Each valued L-filter base ðBaÞa2L0
on a set X defines an L-

filter M on X by: MðkÞ ¼
W

l2Ba ;l6ka for all k 2 LX. On the
other hand, each L-filterM can be generated by many valued
L-filter bases, and among them the greatest one

ða� prMÞa2L0
.

L-neighborhood filters. In the following, the topology in
sense of [16,17] will be used which will be called L-topology.
ints and cls denote the interior and the closure operators with

respect to the L-topology s, respectively. For each L-topolog-
ical space (X, s) and each x 2 X the mapping NðxÞ : LX ! L
defined by: NðxÞðkÞ ¼ intskðxÞ for all k 2 LX is an L-filter on

X, called the L-neighborhood filter of the space (X, s) at x,
and the mapping _x : LX ! L defined by _xðkÞ ¼ kðxÞ for all
k 2 LX is a homogeneous L-filter on X. The L-neighborhood

filters fulfill the following conditions:

(N1) _x � NðxÞ holds for all x 2 X;

(N2) ðN ðxÞÞðintsf Þ ¼ ðN ðxÞÞðf Þ for all x 2 X and f 2 LX.

Let (X, s) and (Y, r) be two L-topological spaces. Then the

mapping f: (X, s) fi (Y, r) is called L-continuous (or (s, r)-con-
tinuous) provided intrl � f 6 ints(l � f) for all l 2 LY [8].

The L-neighborhood filter NðFÞ at an ordinary subset F of

X is the L-filter on X defined, by the authors in [10], by means
of NðxÞ; x 2 F as: NðFÞ ¼

W
x2FNðxÞ. The L-filter _F is defined

by: _F ¼
W

x2F _x. _F � NðFÞ holds for all subsets F of X. Recall
also here the L-filter _k and the L-neighborhood filter NðkÞ at
an L-subset k of X which are defined by

_k ¼
_

0<kðxÞ
_x and NðkÞ ¼

_
0<kðxÞ

N ðxÞ; ð2:1Þ

respectively. _k � NðkÞ holds for all k 2 LX [18].

L-real numbers. By an L-real number is meant [1] a convex,
normal, compactly supported and upper semi-continuous L-
subset of the set of all real numbers R. The set of all L-real
numbers is denoted by RL. R is canonically embedded into

RL, identifying each real number a with the crisp L-number
a� defined by a�(n) = 1 if n = a and 0 otherwise. The set of
all positive L-real numbers is defined and denoted by:

R�L ¼ fx 2 RLjxð0Þ ¼ 1 and 0� 6 xg and let
IL ¼ x 2 R�Ljx 6 1�

� �
, where I= [0, 1] is the real unit inter-

val. Note that we mean here by 6 the binary operation on

RL defined by

x 6 y() xa1 6 ya1
and xa2 6 ya2

for all x, y 2 RL where xa1 ¼ inffz 2 RjxðzÞP ag and

xa2 ¼ supfz 2 RjxðzÞP ag for all x 2 RL and for all a 2 L0.
It is shown in [7] that the class
fRdjIL jd 2 Ig [ fRdjIL jd 2 Ig [ f0�jILg is a base for an L-topol-

ogy I on IL, where R
d and Rd are the L-subsets of RL defined

by Rd(x) = ¤ a>dx(a) and Rd(x) = (¤aPdx(a))0 for all x 2 RL

and d 2 R and note that RdjIL ;R
djIL are the restrictions of Rd,

Rd on IL, respectively. Recall also that x ± y are L-real num-

bers defined by (x ± y)(n) = ¤ g,f2R, g±f=n(x(g) � y(f)) for all
n 2 R. (RL, +) is a commutative semi group with identity ele-
ment 0�. The positive part x+ of an L-real number x is defined

as x+ = 0� � x, where
x� x ¼ 0�; ðxþ yÞþ 6 xþ þ yþ: ð2:2Þ

GTi-spaces. An L-topological space (X, s) is called [9,11]:

(1) GT0 if for all x, y 2 X with x „ y we have _x¤NðyÞ or
_y¤NðxÞ.

(2) GT1 if for all x, y 2 X with x „ y we have _x¤NðyÞ and
_y¤NðxÞ.
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(3) completely regular if for all x R F and F= clsF, there

exists an L-continuous mapping f : ðX ; sÞ ! ðIL;IÞ
such that f ðxÞ ¼ �1 and f ðyÞ ¼ �0 for all y 2 F.

(4) GT 312
(or L-Tychonoff) if it is GT1 and completely

regular.
Proposition 2.1 (9–12). Every GTi-space is GTi�1-space for all

i = 1, 2, 3, 4, 5, 6. Moreover, the implications between GT3-
spaces, GT312

-spaces and GT4-spaces goes as expected.
3. Some results on L-metric spaces

A mapping . : X� X! R�L is called an L-metric [1] on X if the
following conditions are fulfilled:

(1) .(x, y) = 0� if and only if x = y

(2) .(x, y) = .(y, x)
(3) .(x, y) 6 .(x, z) + .(z, y).

If . : X� X! R�L satisfies the conditions (2) and (3) and
the following condition:

(1)0 .(x, y) = 0� if x = y

then it is called an L-pseudo-metric on X.

A set X equipped with an L-pseudo-metric (L-metric) . on
X is called an L-pseudo-metric (L-metric) space.

To each L-pseudo-metric (L-metric) . on a set X is gener-
ated canonically a stratified L-topology s. on X which has

fe � .xje 2 E; x 2 Xg as a base, where .x : X! R�L is the map-
ping defined by .x(y) = .(x, y) and

E ¼ f�a ^ RdjR�
L
jd > 0; a 2 Lg [ f�aja 2 Lg;

here �a has R�L as domain.

An L-topological space (X, s) is called pseudo-metrizable
(metrizable) if there is an L-pseudo-metric (L-metric) . on X
inducing s, that is, s = s..

An L-pseudo-metric . is called left (right) invariant if

.ðx; yÞ ¼ .ðax; ayÞð.ðx; yÞ ¼ .ðxa; yaÞÞ for all a; x; y 2 X:

An L-set k 2 LX is called countable (finite) if its support is
countable (finite), where the support of k is the set

{x 2 XŒ0 < k(x)}.
Let us call an L-filter M on a set X countable if the sets

a� prM are countable for all a 2 L0.

Definition 3.1. An L-topological space (X, s) is called first

countable if every point x 2 X has a countable L-neighborhood
filter NðxÞ.

Proposition 3.1. For any L-pseudo-metric . on a set X, if s. is

the L-topology associated with ., then (X, s.) is a first count-
able space.

Proof. Since fe � .xje 2 E; x 2 Xg is a base for s., then for all
n 2 N, the set Bn ¼ fen � .xjen 2 E; x 2 Xg, where

en ¼ 1
n
^ RdjR�

L
, is the 1

n
� pr NðxÞ, which implies that there

exists a countable L-neighborhood filter NðxÞ at every point
x 2 X. Hence, (X, s.) is a first countable space. h
By an L-function family U on a set X, we mean the set of all
L-real functions f: X fi IL.

We also have the following results.

Lemma 3.1. Let U be an L-function family on X and rf:
X · X fi IL a mapping defined by

rfðx; yÞ ¼ ðfðxÞ � fðyÞÞþ; f 2 U:

Then rf is an L-pseudo-metric on X.

Proof. Clearly, rf(x, y) = rf(y, x). From (2.1), we get that

rf(x, x) = (f(x) � f(x))+ = 0� for all x 2 X, and moreover
rfðx; yÞ ¼ ðfðxÞ � fðyÞÞþ 6 ðfðxÞ � fðzÞÞþ þ ðfðzÞ � fðyÞÞþ

¼ rfðx; zÞ þ rfðz; yÞ:

Hence, rf is an L-pseudo-metric on X. h

Lemma 3.2. Let ri: X · X fi IL, i 2 I be an arbitrary set of L-
pseudo-metrics on the set X. Then
rðx; yÞ ¼ supfriðx; yÞji 2 Ig

defines an L-pseudo-metric on X as well.

Proof. Only the triangle inequality has to be shown. For all x,
y, z 2 X and all i 2 I, we have
riðx; yÞ 6 riðx; zÞ þ riðz; yÞ 6 rðx; zÞ þ rðz; yÞ;

and then r(x, y) 6 r(x, z) + r(z, y). Hence, r is an L-pseudo-

metric on X. h

Here, we have shown this fact.

Lemma 3.3. Any L-pseudo-metric . on a set X is an L-metric on
X if and only if (X, s.) is a GT0-space.

Proof. Let x, y 2 X and y „ x. Since (X, s.) is a GT0-space,
then there exists l 2 LX such that lðxÞ < b 6 ints.lðyÞ for

some b 2 L0. From the definition of the base of s., since
ints.lðzÞ ¼ �a ^ RdjR�
L
ð.ðx; zÞÞ ¼ a ^ ð

_
gPd

.ðx; zÞðgÞÞ0

for all z 2 X and for some a 2 L, then .(x, y) = 0� implies that
ints.lðyÞ ¼ a ^ 1 ¼ a for all y 2 X and all l 2 LX. Hence,

a ¼ ints.lðxÞ 6 lðxÞ < b 6 ints.lðyÞ ¼ a;

that is, a < b 6 a which is a contradiction, and thus x= y and

. is an L-metric.
Now let x „ y and so .(x, y) „ 0�, then there exists a > 0

such that .(x, y)(a) > 0 and hence taking
m ¼ �1 ^ RdjR�L � .x 2 LX, we get that

mðyÞ ¼ 1 ^ Rdð.ðx; yÞÞ ¼ 1 ^ ð
_
gPd

.ðx; zÞðgÞÞ0 < 1

whenever d is chosen to be a very small number tends to zero.

But ints. mðxÞ ¼ 1 ^ ð
W

gPd.ðx; xÞðgÞÞ
0 ¼ 1. Hence, (X, s.) is a

GT0-space. h
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4. On L-uniform spaces

An L-filter U on X · X is called L-uniform structure on X [5] if
the following conditions are fulfilled:

(U1) ðx; xÞ� � U for all x 2 X;

(U2) U ¼ U�1;
(U3) U � U � U.

Where (x, x)Æ(u) = u(x, x), U�1ðuÞ ¼ Uðu�1Þ and

ðU � UÞðuÞ ¼
W

v�w6uðUðwÞ ^ VðvÞÞ for all u 2 LX·X, and u�1(x,
y) = u(y, x) and (v � w)(x, y) = ¤ z2X (w(x, z) � v(z, y)) for
all x, y 2 X.

A set X equipped with an L-uniform structure U is called an
L-uniform space. A mapping f : ðX;UÞ ! ðY;VÞ between L-
uniform spaces ðX;UÞ and ðY;VÞ is said to be L-uniformly con-

tinuous (or (U;V)-continuous) provided
FLðf� fÞðUÞ � V

holds. To each L-uniform structure U on X is associated a
stratified L-topology sU . The related interior operator intU is
given by:

ðintUkÞðxÞ ¼ U½ _x	ðkÞ

for all x 2 X and all k 2 LX, where U½ _x	ðkÞ ¼W
u½l	6kðUðuÞ ^ lðxÞÞ and u[l](x) = ¤ y2X(l(y) � u(y, x)). For

all x 2 X and all k 2 LX we have

U½ _x	 ¼ N ðxÞ and U½ _k	 ¼ N ðkÞ;

where NðxÞ and NðkÞ are the L-neighborhood filters of the
space ðX; sUÞ at x and k, respectively.

Let U be an L-uniform structure on a set X. Then u 2 LX·X

is called a surrounding provided UðuÞP a for some a 2 L0 and
u = u�1. A surrounding u 2 LX·X is called left (right) invariant

provided

uðax; ayÞ ¼ uðx; yÞðuðxa; yaÞ ¼ uðx; yÞÞ for all a; x; y 2 X:

U is called a left (right) invariant L-uniform structure if U has a
valued L-filter base consists of left (right) invariant surround-

ings [4].
L-topological groups. In the following we focus our study

on a multiplicative group G. We denote, as usual, the identity

element of G by e and the inverse of an element a of G by a�1.
Let G be a group and s an L-topology on G. Then (G, s) will be
called an L-topological group [2] if the mappings

p : ðG�G;s� sÞ! ðG;sÞ defined by pða;bÞ¼ ab for all a;b2G

and

i : ðG; sÞ ! ðG; sÞ defined by iðaÞ ¼ a�1 for all a 2 G

are L-continuous. p and i are the binary operation and the un-
ary operation of the inverse on G, respectively.

For all k 2 LG, the inverse ki of k with respect to the unary
operation i on G is the L-set k � i in G defined by [4]

kiðxÞ ¼ kðx�1Þ for all x 2 G:
Example 4.1. For a group G, the induced L-topological space
(G, xL(T)) of the usual topological group (G, T) is an L-
topological group.
Proposition 4.1. [4] Let (G, s) be an L-topological group. Then

there exist on G a unique left invariant L-uniform structure U l

and a unique right invariant L-uniform structure U r compatible
with s, constructed using the family ða� pr NðeÞÞa2L0

of all fil-

ters a� pr NðeÞ, where NðeÞ is the L-neighborhood filter at the
identity element e of (G, s), as follows:

U lðuÞ ¼
_

v2U la ;v6u

a and UrðuÞ ¼
_

v2Ura ;v6u
a; ð4:1Þ

where

U l
a ¼ a� pr U l and Ur

a ¼ a� pr Ur ð4:2Þ

are defined by

U l
a ¼ fu 2 LG�Gjuðx; yÞ ¼ ðk ^ kiÞðx�1yÞ for some k

2 a� pr NðeÞg ð4:3Þ

and

Ur
a ¼ fu 2 LG�Gjuðx; yÞ ¼ ðk ^ kiÞðxy�1Þ for some k

2 a� pr NðeÞg ð4:4Þ

We should notice that we shall fix the notations U l, Ur;U l
a

and Ur
a along the paper to be these defined above.

Remark 4.1. For the L-topological group (G, s), the elements u
of U l

aðUr
aÞ are left (right) invariant surroundings. Moreover,

ðU l
aÞa2L0

ððUr
aÞa2L0

Þ is a valued L-filter base for the left (right)
invariant L-uniform structure U lðUrÞ defined by (4.1), (4.2),
(4.3), (4.4), respectively.

L-topogenous orders. A binary relation on LX is said to be
an L-topogenous order on X [13] if the following conditions are

fulfilled:

(1) �0
 �0 and �1
 �1;
(2) k l implies k 6 l;
(3) k1 6 k l 6 l1 implies k1 l1;
(4) From k1 l1 and k2 l2 it follows k1 � k2 l1 � l2 and

k1 � k2 l1 � l2.

An L-topogenous order is said to be regular or is said to be
an L-topogenous structure if for all k, l 2 LX with k l there is

a m 2 LX such that k m and m l hold, and is called complemen-
tarily symmetric if k l implies l0 k0 for all k, l 2 LX and more-
over is called perfect if for each family (ki)i 2I of L-subsets of X
with ki l for all i 2 I it follows

W
i2I

ki 
 l.

Let (n) be a sequence of L-topogenous structures on X and
(pn) a sequence of L-topogenous structures on IL. Then an L-
real function f: X fi IL is said to be associated with the se-

quence (n) if for all k; l 2 LIL , k p nl implies (k � f) n+1(l � f)
for every positive integer n [11].

Now, suppose that (G, s) has a countable L-neighborhood

filter NðeÞ at the identity e. Since any L-topological group,
from Proposition 4.1, is uniformizable, then the left and the
right invariant L-uniform structures U l and Ur, constructed

also in Proposition 4.1, has, from Remark 4.1, a countable
L-filter base U l

1
n
and U r

1
n
, respectively, n 2 N.

Lemma 4.1. [18] For all k, l 2 LX, we have

k 6 l if and only if _k � _l:
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Here, we prove this interesting result.

Lemma 4.2. Let U be an L-uniform structure on a set X, and
define a binary relation on LX as follows:

k
Ul() U½ _k	 � _l

for all k, l 2 LX. Then
U is a complementarily symmetric per-
fect L-topogenous order on X.

Proof. From the properties of U as an L-filter, (2.1) and
Lemma 4.1 we get easily that 
U fulfills all the required con-
ditions. h

Proposition 4.2. [13] There is a one-to-one correspondence

between the perfect L-topogenous structures on a set X and
the L-topologies s on X. This correspondence is given by

k
 l() k 6 m 6 l for some m 2 s

for all k, l 2 LX and

s ¼ fk 2 LXjk
 kg:

Now we have the following result.

Proposition 4.3. Suppose that U and U1
n

� �
n2N

are an L-uniform

structure on X and its countable L-filter base, respectively, and

also consider V an L-uniform structure on IL. Let (n)n2N denote
a sequence of complementarily symmetric perfect L-topogenous
structures on X for which k
nl() U½ _k	 � _l for all k, l 2 LX,

and let U be the family of all L-uniformly continuous functions
h : ðX;UÞ ! ðIL;VÞ associated with (n)n2N. Then the mapping
rU : X� X! IL defined by

rUðx; yÞ ¼ sup frfðx; yÞjf 2 Ug;

where rf(x, y) = (f(x) � f(y))+ for all x, y 2 X, is an L-pseu-
do-metric on X and sU ¼ srU .

Proof. The proof of that rU is an L-pseudo-metric on X comes
from Lemmas 3.1, 3.2, and 4.2.

Since for any k 2 LX, and from Proposition 4.2

k
nk() U½ _k	 � _k

means that k 2 sU if and only if k 2 srU , where rU is generated

by all the L-pseudo-metrics rh for every h associated with n.
Hence, sU ¼ srU . h
5. The metrizability of L-topological groups

This section is devoted to show that any (separated) L-topo-

logical group is pseudo-metrizable (metrizable).
An L-topological group (G, s) is called separated if for the

identity element e, we have
V

k2a�prNðeÞ kðeÞP a, andV
k2a�prNðeÞ kðxÞ < a for all x 2 G with x „ e and for all

a 2 L0 [4].

Proposition 5.1. [4] Any (separated) L-topological group is a
(GT312

-space) completely regular space.

Now, we are going to show the main result in this paper.
Proposition 5.2. Any (separated) L-topological group (G, s) is

pseudo-metrizable (metrizable).

Proof. From Proposition 4.1, we have unique left and unique
right L-uniform structures U l and Ur on G defined by (4.1) such
that s ¼ sU l ¼ sUr . Proposition 4.3 implies that s ¼ sU l ¼ srUl

and s ¼ sUr ¼ srUr , and therefore (G, s) is pseudo-metrizable.

Also, if (G, s) is separated, then from Proposition 5.1, we

get that (G, s) is a GT0-space, and hence, from Lemma 3.3, we
have that (G, s) is metrizable. h

We also have the following important result.

Proposition 5.3. Let (G, s) be a (separated) L-topological
group. Then the following statements are equivalent.

(1) s is pseudo-metrizable (metrizable);
(2) e has a countable L-neighborhood filter NðeÞ;
(3) s can be induced by a left invariant L-pseudo-metric (L-

metric);
(4) s can be induced by a right invariant L-pseudo-metric (L-

metric).
Proof. (1)) (2): Follows from Proposition 3.1

(2)) (3): Let e has a countable L-neighborhood filter
NðeÞ, and let U l

1
n
be a countable L-filter base of the left

invariant L-uniform structure U l, defined by (4.1), which is
compatible with s. Then, from Lemma 4.2,
k
U ll() U l½ _k	 � _l for all k, l 2 LG defines a sequence of
complementarily symmetric perfect L-topogenous structures

on G. Taking V as an L-uniform structure on IL and U as the
family of all L-uniformly continuous functions
h : ðG;U lÞ ! ðIL;VÞ associated with 
U l , we get, from Prop-

osition 4.3, that the L-mapping r: G · G fi IL defined by r(x,
y) = sup{(f(x) � f(y))+Œf 2 U} is an L-pseudo-metric on G and
s ¼ sU l ¼ srUl

.

Now, we define ha: G fi IL by ha(x) = h(a x) for all a,
x 2 G. From h 2 U is L-uniformly continuous, that is,

FLðh� hÞðU lÞ � V and that the elements of U l
1
n

are left
invariant from Remark 4.1, and from (4.1), we have
FLðha � haÞU lðvÞ ¼ U lðv � ðha � haÞÞ

¼
_

u2U l
1
n

;u6v�ðha�haÞ

1

n

¼
_

u2U l
1
n

;u6v�ðh�hÞ

1

n

¼ FLðh� hÞU lðvÞ
P VðvÞ:

Hence, ha is L-uniformly continuous associated with
U l , that
is, ha 2 U. Thus

rðax; ayÞ ¼ supfðhðaxÞ � hðayÞÞþjh 2 Ug
¼ supfðhaðxÞ � haðyÞÞþjh 2 Ug
6 sup fðkðxÞ � kðyÞÞþjk 2 Ug
¼ rðx; yÞ:
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Applying the same for a�1 instead of a, we get that r(x,
y) = r(a�1a x, a�1a y) 6 r(a x, a y). That is, r(a x, a
y) = r(x, y) for all a, x, y 2 G and then r is a left invariant
L-pseudo-metric on G inducing s.

(2)) (4): By a similar proof as in the case (2) ) (3).

(3)) (1) and (4)) (1): Obvious.

The proposition is still true if we consider the
parentheses. h

Example 5.1. From Proposition 5.2, we can deduce that any

L-topological group (G, s) on which there can be constructed
an L-uniform structure U compatible with s is pseudo-metriz-
able in general and is metrizable whenever (G, s) is separated.
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